Abstract. We study the Fujita-type conjecture proposed by Popa and Schnell. We obtain an effective bound on the global generation of direct images of pluri-adjoint line bundles on the regular locus. We also obtain an effective bound on the generic global generation for a Kawamata log canonical Q-pair. We use analytic methods such as L 2 estimates, L 2 extensions and injective theorems of cohomology groups.
Introduction
The aim of this paper is to give a partial answer to the following conjecture by Popa and Schnell. This conjecture is a version of Fujita's conjecture. In [PS] , Popa and Schnell proved this conjecture in the case when L is ample and globally generated. After that, Dutta removed the global generation assumption on L making a statement about generic global generation. (1) for all b ≥ a n(n+1) 2 + 1 , or (2) for all b ≥ a(n + 1) when n ≤ 4.
On the other hand, Deng obtained a linear bound for b when a is large by using analytic methods. 
is generated by the global sections at a general point y ∈ Y either
Now we state our results. First, we treat the case when X is smooth and ∆ = 0. In [Dutta] , Dutta proved that if K ⊗a X is relatively free on the regular locus of f ,
⊗b is generated by the global sections at any regular value of f for all b ≥ a n(n+1) 2 + 1 . In this paper, we can remove this assumption and obtain a better bound for b. 
is generated by the global sections at y for all b ≥
+ a(n + 1). We give a partial answer to Conjecture 1.1.
Second, we treat a log case. In this case, we obtain the same bound as Theorem 1.4 about generic global generation. 
Remark 1.6. After the author submitted this paper to arXiv, Dutta told the author that she and Murayama obtained the same bounds as in Theorem 1.5 (1) in [DM, Theorem B] by using the algebraic geometric methods. Also, in [DM, Theorem B] , they obtained the linear bound when (X, ∆) is a log canonical Q-pair. For more details, we refer the reader to [DM] .
The organization of the paper is as follows. In Section 2, we review some of the standard facts on an effective freeness of adjoint bundles and a positivity of a relative canonical line bundle. In Section 3, we prove Theorem 1.4. In Section 4, we prove Theorem 1.5 by using the methods of Section 3 and [Deng] .
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Preliminary
Definition 2.1. [Dem, Chapter 13 .] A function ϕ : X → [−∞, +∞) on a complex manifold X is said to be quasi-plurisubharmonic (quasi-psh) if ϕ is locally the sum of a psh function and of a smooth function. In addition, we say that ϕ has neat analytic singularities if for any x ∈ X there exists an open neighborhood U of x such that ϕ can be written
Definition 2.2. [Dem, Chapter 5.] If ϕ is a quasi-psh function on a complex manifold X, the multiplier ideal sheaf J(e −ϕ ) is a coherent subsheaf of O X defined by
where U is an open coordinate neighborhood of x, and dλ is the standard Lesbegue measure in the corresponding open chart of C n .
In this paper we will denote N ≔ n(n+1) 2 . Angehrn and Siu proved the existence of a quasi-psh function whose multiplier ideal sheaf has isolated zero set at y when we pick one point y ∈ Y.
Theorem 2.3. [AS] Let Y be a smooth projective n-dimensional variety, and We fix m ∈ N such that m(N + 1)L is very ample. We choose a Kähler form ω Y on Y and a smooth positive metric
. Then for any point y ∈ Y, there exist a quasi-psh function ϕ with neat analytic singularities on Y and a positive number 0 < ε 0 < 1, such that Let us first outline the proof. It is enough to show that for any regular value y ∈ Y, any section
⊗b | X y can be extended to X. By taking an appropriate singular Hermitian 
), which is a singular Hermitian metric on L with semipositive curvature current. Note that
3.2. Local Extension. We choose a coodinate neighborhood V near y and we set U ≔ f −1 (V). We may regard V as an open ball in C n and y as an origin in C n . Since |s| 2 h a is bounded above on X y by Theorem 2.4, we obtain
where C and C ′ are some positive constants. Therefore by the L 2 extension theorem in [HPS, Theorem 14.4] , there exists
3.3. Global Extension. We denote by ϕ the quasi-psh function on Y as in Theorem 2.3 and denote by ψ ≔ ϕ • f . By Theorem 2.3, we can take a cut-off function ρ near y such that 
is bounded above on U by Theorem 2.4 ( if necessary we take U small enough ), we obtain
where C and C ′ are some positive constants. Therefore ∂( ρS U ) is a ∂-closed (d, 1) form with L value which is square integrable with the weight of he −ψ , where d = dim X.
We put δ ≔ 1−ǫ 0 2(N+ǫ 0 )
. Then we obtain
in the sense of current for any α ∈ [0, 1]. Therefore by the injectivity theorem in [CDM, Theorem 1.1], the natural morphism
Hence we obtain a (d, 0) form F with L value which is square integrable with the weight of he −ψ such that ∂F = ∂( ρS U ), that is we can solve ∂ equation. Now we show that F| X y ≡ 0. To obtain a contradiction, suppose that F(x) 0 for some x ∈ X y . We may assume there exists an open set W near x such that F(z) 0 for any z ∈ W and W e −ψ dV X,ω X = +∞ since y is an isolated point in the zero variety V(J(e −ϕ )) by Theorem 2.3. Since there exists a positive constant C such that |F| 2 h ≥ C on W, we have
which is impossible.
On a log case
In this section, we prove Theorem 1.5. 
Proof. The proof is similar to Theorem 1.4 and [Deng, Theorem C] . Take a log resolution µ : X ′ → X of (X, ∆) such that
where aα i , aβ j ∈ N + and i E i + j F j has simple normal crossing supports. Since (X, ∆) is a Kawamata log terminal Q-pair and ∆ is effective, E i is an exceptional divisor and 0 < β j < 1. We denote by f ′ ≔ f • µ, which is a projective surjective morphism between smooth projective varieties.
Since E i is an exceptional divisor, the natural morphism
is isomorphism. Thus it is enough to show that for any general point y ∈ Y, the restriction map
In case (1), we choose the canonical singular Hermitian metric h F on O X ′ ( aβ j F j ) as in [Dem, Example 3.13] . We obtain J(h 1 a F ) = O X ′ since i E i + j F j has simple normal crossing supports and 0 < β j < 1. By [BP10, Theorem 0.1], there exists an a-th Bergman type metric h a,B on
We note that for any regular value y of f such that J(h
We will denote by L ≔ K , the restriction map π y is surjective since the same proof works as in Section 3. Since the set {z ∈ Y : h Y (z) = +∞} is Zariski closed, then π y is surjective for any general point y ∈ Y, which completes the proof.
